ENUMERATION OF AD-NILPOTENT IDEALS OF 
PARABOLIC SUBALGEBRAS FOR EXCEPTIONAL 

- - -, TYPES 

00 

o 

O ■ CELINE RIGHI 

Qh' Abstract. Using GAP4, we determine the number of ad- nilpotcnt 

■^ I and abelian ideals of a parabolic subalgebra of a simple Lie algebra 

ly-, ■ of exceptional types E, F or G. 
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1. Introduction 



H 
^.. 

i-C ■ Let g be a complex simple Lie algebra of rank /. Let 1) be a Cartan 

a . subalgebra of q and A the associated root system. We fix a system of 

positive roots A+. Denote by 11 = {ai, . . . , a;} the corresponding set 
of simple roots. For each a G A, let g^ be the root space of g relative 
to a. 

For / C n, set A/ = Z/ fl A. We fix the corresponding standard 
O '• parabolic subalgebra : 

(N 

o ; \agA,uA+ 

O ■ An ideal i of pj is ad-nilpotent if and only if for all x E i, adpjX is 

nilpotent. Since any ideal of p/ is P)-stable, we can deduce easily that 
K> ! an ideal is ad-nilpotent if and only if it is nilpotent. Moreover, we have 

^\ i = 0Q, for some subset $ C A+ \ A/. 

In this paper, we determine the number of ad-nilpotent and abelian 
ideals of a parabolic subalgebra when g is of exceptional types E, F and 
G. This is done by using GAP4. First, we recall some results of [Rlj 
and [R2j on ad-nilpotent ideals. Then, we explain how we used these 
results for the programming and we give the tables of the enumeration 
in each exceptional type. 

2. Enumeration of ad-nilpotent ideals 
Let Jen and i be an ad-nilpotent ideal of p/. We set 

$! = {«€ A+\ A,; g, Ci}. 
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Then i = 0„g,j,. 0a and if a G $i, /3 G A+ U Aj are such that a + /3 G 
A+, then a + /3 G $i. 
Conversely, set 

J^7 = {$ C A+\Aj; if a G $, /? G A+UA/, a+/? G A+, then a+/3 G $}. 

Then for $ G J?-/, i,j, = 0^^^ 0a is an ad-nilpotent ideal of pj. 
We obtain therefore a bijection 

{ad-nilpotent ideals of p/} -^ J-'i, 

Recall the following partial order on A+ : a^/^if/? — aisa sum of 
positive roots. Then it is easy to see that $ G JF0 if and only if for all 
a E ^, (3 & A"*", such that a ^ [3, we have /? G $. We can now define, 
for $ G J^0 : 

^min = {/5 G $; /9 - a ^ $, for all a G A+} 

the set of minimal roots of $ for ^. 

A set of positive roots A is called an antichain of (A"*", ^) if all the 
roots in A are pairwise non comparable with respect to ^. It is clear 
that ^min is an antichain. Conversely, let A be an antichain. Set 
$ = {/? G A"*"; there exists a E A such that a ^ P}, then $ G JF0. So 
each antichain corresponds to an element of J-'^. 

To obtain the enumeration of ad-nilpotent ideals for exceptional 
types, we first determine the set of antichains in A+. Then, by the 
considerations above, we obtain from the antichains all the elements of 

Next, to check if an element $ G JF0 is an element of $ G J-'{a}, for 
a G n, it is enough to check that {/? - a; a G $} n (A+ U {0}) C $. 
Thus, for J C n, we obtain that the elements of J-'i are those of JF0 
satisfying the condition above for each a E I. 

Let ^ E J-'i, then $ corresponds to an abelian ideal if and only if 
$^ = 0. Since the roots in $^ corresponds to those which are in the 
derived subalgebra of the ideal which corresponds to $, it is also an 
ideal. So <l>^ 7^ if and only if the highest root 6 is an element of $^. 
Then, to check if $ is abelian, we need only to check that ^ ^ $^. 

Let A/} be the set of ad-nilpotent ideals of p/ and let Abi be the set 
of abelian ideals of p/. The following tables give the cardinality of A/} 
and Abi for each type E, F and G. The subset / of LI is described by 
the symbol • in the Dynkin diagram without arrow which corresponds 
to the type we consider. 
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For example, if we consider Eq, the diagram which corresponds to 
/ = {02,05} is 

o o o • o 

where we use the numberings of |TYj . 

The orientations for the diagram in type F and G are those in [TY]. 
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ENUMERATION FOR EXCEPTIONAL TYPES 

Table F4 
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where we use the following orientation for the Dynkin diagram of F4 : 
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where we use the following orientation for the Dynkin diagram of G2 '■ 
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